Abstract. We define refined invariants which "count" nodal curves in sufficiently ample linear systems on surfaces, conjecture that their generating function is multiplicative, and conjecture explicit formulas in the case of K3 and abelian surfaces. We also give a refinement of the Caporaso-Harris recursion, and conjecture that it produces the same invariants in the sufficiently ample setting. The refined recursion specializes at y = −1 to the Itenberg-Kharlamov-Shustin recursion for Welschinger invariants. We find similar interactions between refined invariants of individual curves and real invariants of their versal families.
Introduction
Given a general elliptic fibration K3 → P 1 , we learn by computing χ(K3) = 24 that there must be 24 nodal fibers. For more general irreducible curve classes on a K3, Yau and Zaslow [YZ] argued that taking the Euler characteristic of the relative compactified Jacobian would again yield the number of maximally degenerate fibers; the arguments were clarified by Beauville [Bea] and by Fantechi, van Straten, and the first author [FGvS] . For more general families of curves, similar arguments may be made in terms of the relative Hilbert schemes of points. Let C → B be a family of reduced planar curves of arithmetic genus g, and let C
[n] → B be the relative Hilbert schemes. Certain stringtheoretic ideas of Gopakumar and Vafa [GV] motivate the consideration of the following series, and the following change of variables:
In the case of a single curve C → B = pt, we write simply n i C . Pandharipande and Thomas [PT2] prove that n i C = 0 when C has cogenus δ(C) < i. From Macdonald's calculation of the cohomology of symmetric products of curves, it follows that for C smooth we have n 0 C = 1 and n i C = 0 for i > 0. More generally, whenever the singularities of C are unions of smooth branches, the last nonvanishing term is calculated either from [Bea] or [FGvS] to be n The n i have an enumerative interpretation. Suppose that i is the maximum cogenus of any curve in the family, that there are finitely many curves of cogenus i, and that all these curves are immersed. Then n i C/B is just the number of these curves. One exploits this observation by finding another way to express the Euler characteristics of the relative Hilbert schemes. In particular, the following two results have recently been established: Theorem 1. [Sh] . Fix C a reduced plane curve, Λ a versal deformation of its singularities, and Λ δ ⊂ Λ the locus of cogenus δ curves. Then n δ C is the multiplicity of Λ δ .
Theorem 2. [KST] . Let S be a surface, and L a δ-very-ample line bundle. Then the number of δ-nodal curves in a general P δ ⊂ |L| is n δ C/P δ , which moreover is given by a certain explicit combination of integrals of Chern classes of L [n] and T S [n] .
The significance of the second result is that, due to a theorem of Ellingsrud, Lehn, and the first author [EGL] , such integrals depend in a universal way on the Chern classes of L and S. Such universality of the counts of nodal curves had previously been conjectured by the first author [Göt] , and previously proven by [Liu, Tze] .
The present article poses the following question: does replacing the topological Euler characteristic on the left hand side by more sophisticated invariants have an enumerative counterpart on the right?
We begin in Section 2 by studying the case of a single curve. The arguments of [PT2] may be adapted to show that, for C a locally planar reduced curve of arithmetic genus g and C its normalization of genus g = g − δ, there exist classes N i C in the Grothendieck ring of varieties such that
The right hand side moreover splits into a product over the singularities of C.
According to Theorem 1, the Euler number χ( N i C ) gives the multiplicity of a certain locus, and is in particular positive. In examples we see a stronger positivity:
This conjecture is verified computationally for singularities of the form x p = y q where (p, q) = 1 and p < 12, q < 20 using the formulas of [ORS] for the classes of the Hilbert schemes. The meanings of the N i C remain mysterious, but there is some evidence that they may be related to real geometry. We define real analogues n i,R of the n i by using the compactly supported Euler number of the real locus, and show these again vanish for i > δ(C). These have an interpretation analogous to Theorem 1. Recall that nodes of real curves come in three types: elliptic (x 2 + y 2 = 0), hyperbolic (x 2 − y 2 = 0), and pairs of complex conjugate nodes. Thus in the real deformation, the loci B k + of k-nodal curves split into components according to the types of the nodes.
Theorem 4. Let C be a real reduced plane curve, and let C → B be a locally versal deformation of its singularities. Let B δ,δ − + be the locus of nodal curves with δ nodes of which δ − are hyperbolic. Let D j be a general real disc of dimension j passing near [C] ∈ B.
Then n j,R
Note in particular that while the individual terms on the RHS of the formula may depend on the location of the disc, the theorem asserts that their sum does not.
For the simple singularities, we give a combinatorial formula for the N i C in terms of the Dynkin diagram. (This refines the analogous prescription for the multiplicities given in [Sh] .) The formula may be interpreted as the choice of a particular real form and a particular disc D in the above statement so that the coefficient of
For j = δ, Duco van Straten has conjectured that such a disc may be found for any singularity.
In Section 3, we turn to the case of linear systems of curves on surfaces. From the point of view of the argument in [KST] , it is natural to refine the Euler characteristic to Hirzebruch's χ −y genus, since the latter both factors through the Grothendieck ring of varieties and may be calculated in terms of Chern classes. By an appropriate change of variable, one can define invariants N i C/P δ ∈ Z[y] which refine the n i C/P δ of Theorem 2 above. One virtue of the χ −y genus is that, for a single curve, the N i C vanish for i > δ(C); the analogous statement does not hold for the virtual Poincaré polynomials.
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However, unlike in the Euler characteristic setting, one cannot "integrate over the base" to conclude the vanishing for N i C/P δ . Nonetheless, the experimental evidence suggests:
Conjecture 5. Let L be a line bundle on a surface S, and P δ ⊂ |L| a linear subsystem with tautological curve C → P δ . Assume that P δ contains no non-reduced curves, and that the total space of the relative Hilbert scheme C [n] is smooth for all n. Then N i C/P δ vanishes for i > δ.
We are able to show:
Theorem 6. The conjecture holds when K S is numerically trivial. We also give some evidence for the general statement. By [EGL] , one can reduce the validity of the conjecture to the case of P 2 and P 1 × P 1 . Here we may calculate in low degrees by equivariant localization. Regarding the hypotheses, note that when δ = 1, Pandharipande and Fantechi [Pan] have found families of smooth curves over a smooth base curve with nonzero invariants N i for some i > 0. The base curves are always of genus > 0, and indeed no such examples can exist over a simply connected base. We are not sure what further aspects of the geometry of families of curves on surfaces are implicated. A calculation of Migliorini has shown that the vanishing cannot be expected for the analogous expression involving Hodge polynomials, already over a one dimensional base.
In Section 4, we focus on the invariants N δ C/P δ . Assuming Conjecture 5, this is the last nonvanishing N i , and we show that there is an expression of the form
where L is k-very-ample, and the A i are some universal power series in
To avoid carrying around the O(s k+1 ), we simply define N δ δ, [S,L] to be the coefficient of s δ on the RHS; the brackets in the notation serve to remind us that it depends only on the cobordism class of (S, L). As in [Göt] , it is easiest to express the A i after a change of variable. Consider the following series in Q[y, [S,L] ; these invariants are symmetric under y → 1/y. Conjecture 7. There exist power series
The first 11 terms of the series B 1 , B 2 are given explicitly in Section 4. Assuming Conjecture 5, the content of the above assertion is exhausted by the case where S is a K3 surface. Moreover as in [Göt] it may be reformulated without the expansion in powers of DG 2 :
) be K3 surfaces of genus g with irreducible polarizations. Then for any k,
) are abelian surfaces of genus g with irreducible polarizations,
Because of the existence of K3 and abelian surfaces of all genera, and the multiplicative nature of the formulas, we show that Conjecture 8 would follow from its validity at k = 0. We have been able to check this case for the K3 surface, but not for the abelian surface.
Conjecture 8 would also follow from its validity for all k for the K3 surface alone. Here we note a remarkable coincidence: the series on the RHS of the above formula appears in the work of [MPT] on computing descendant invariants in the (reduced) Gromov-Witten or stable pairs theory of a K3 surface. This leads to a further reformulation:
Conjecture 9. Let (S, L) be a irreducibly polarized K3 surface of genus g, and let H be the hyperplane class on |L|. Then for all k,
Thus far we have been discussing curves with a number of nodes small compared to the ampleness of the line bundle L; this is the regime to which the conjectures of [Göt] and the arguments of [KST] apply. However, when the surface is P 2 , the recursion of Caporaso and Harris [CH] determines the degrees of all such loci of nodal curves, without any such restriction on the ampleness. Indeed, it determines more: fix a line H ⊂ P 2 , and sequences α, β of integers specifying respectively fixed and moving tangency conditions to H. Then the Caporaso-Harris recursion determines the degrees n δ (α, β) of the loci of curves with δ nodes and satisfying the tangency conditions α, β.
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In Section 5 we study the following formal refinement of the Caporaso-Harris recursion. We take from [CH] the notation Iα = iα i and |α| = α i ; note that the curves counted by n δ (α, β) have degree Iα + Iβ.
Definition 10. The polynomials N δ (α, β) ∈ Z[y 1/2 , y −1/2 ] are defined by the following recursion:
2 Vakil has generalized the Caporaso-Harris recursion to the case of rational ruled surfaces. In Section 5 we treat these as well; we have restricted in the introduction to P 2 just for ease of notation.
The limits on the sum and the initial conditions are the same as for the CaporasoHarris recursion and are given explicitly in Section 5. The refined recursion immediately specializes to the Caporaso-Harris recursion upon setting y = 1, so certainly n δ (α, β) =
On the other hand, we know that for d δ that the Severi degrees n δ ((0, 0, . . .), (d, 0, . . .)) are given by the universal formulas, i.e., equal to the numbers
. We conjecture a refined analogue:
. The equality at y = 1 follows from [KS] . At y = 0, the recursion simplifies, allowing the RHS to be calculated explicitly; on the other hand, a result of Scala allows the LHS to be calculated as well [Sca] ; the answers match. Empirically we have verified the equality for some small d, δ.
In Section 6, we note a connection to real enumerative geometry and to some ideas from tropical geometry. On a real toric surface S, there are real enumerative invariants, counting real δ-nodal curves with suitable signs, the real analogues of the Severi degrees. If S is an unnodal del Pezzo surface, they coincide with the Welschinger invariants, real analogues of the Gromov-Witten invariants. Mikhalkin [Mik] has shown that the Severi degrees and the real enumerative invariants can be computed via tropical geometry: he introduces tropical Severi degrees and tropical Welschinger invariants by assigning Gromov-Witten and Welschinger multiplicities to tropical curves, and shows that they coincide with the Severi degrees and the real enumerative invariants respectively. The Caporaso-Harris formula has been derived tropically by Gathmann and Markwig [GM] , and an analogue for the tropical Welschinger invariants by Itenberg, Kharlamov, and Shustin [IKS] . These are specializations of the above recursion, specialized at 1 and −1 respectively. In particular the refined Severi degrees specialize to the Severi degrees and the tropical Welschinger invariants. In [BG] , Block and the first author define and study tropical refined Severi degrees by assigning polynomial multiplicities to the tropical curves which specialize to the Gromov-Witten and Welschinger multiplicities.
On the right hand side of Conjecture 11, the specialization y → −1 has an entirely different meaning: we are taking the signatures of the relative Hilbert schemes and rearranging them in a certain way. On the other hand, a signed count of real nodal curves in a general P δ is obtained from the n δ,R P δ defined earlier. In order that n δ,R P δ match N δ P δ (−1), the following property would suffice:
Conjecture 12. Let P δ ⊂ |O P 2 (d)| be a linear system determined by a subtropical collection of real points. If C [n] /P δ is smooth, then its signature is equal to the Euler characteristic of its real locus.
Here roughly speaking a collection of points in (R * ) 2 is called subtropical, if it can be degenerated to a tropical collection of points without crossing walls, for the precise definition see [IM, Lemma 2.7.(3) ].
We remark briefly on related work. In the physics literature there is the notion of the refined topological string, which gives in some cases a one-parameter deformation of the various curve counting invariants [IKV] . Notably it does not have a "worldsheet" definition, even in the sense of physics. Mathematically, the refined theory is supposed to correspond [DG] to the motivic DT theory [KoS] ; the lack of a worldsheet definition corresponds to the fact that we do not know how to correspondingly refine the GromovWitten invariants. There have also been intimations that a specialization of the refined theory is related to real invariants [KW, Sec. 5] . Our approach falls roughly into this paradigm insofar as N i C/P δ are assembled from χ −y genera of relative Hilbert schemes, which under the relevant assumptions on P δ are just the same as stable pairs spaces. It might plausibly be hoped that the refined Severi degrees also admit an interpretation in the stable pairs theory [PT1, PT2] or its surface variant [KT] .
Notation.
We denote quantum numbers as
By the Hirzebruch genus X −y we mean the characteristic class which on a bundle E with Chern roots x i takes the value
Also let
Setting by definition
we have according to Hirzebruch
When E = O X we suppress it from the notation. Note that
where h p,q (X) are the Hodge numbers of X. Note the specializations to topological Euler characteristic χ −1 (X) = χ(X), holomorphic Euler characteristic χ 0 (X) = χ(X, O X ), and signature χ 1 (X) = σ(X).
2.
Invariants of a single curve 2.1. Refined invariants. Let C be a complete, reduced, Gorenstein, complex curve of genus g. We consider the following series with coefficients in the Grothendieck group of varieties K 0 (var/C):
Writing L for the class of the affine line, we have:
We define classes N i (C) ∈ K 0 (var/C) by the following formula:
Recall that the Euler characteristic factors through K 0 (var/C), so it makes sense to write χ(N i (C)). When C is smooth of genus g, it follows from Macdonald's calculation of the cohomology of symmetric products that χ(N i (C)) = 0 for i > 0. However it certainly need not be the case that
is the projectivization of a rank n vector bundle over E for n ≥ 1, hence N 0 E = 1 and N 1 E = E, and the higher N i vanish.
Lemma 13. [Har] . Let C be a Gorenstein curve, and let F be a torsion free sheaf on C.
For F rank one and torsion free, define its
, and, for L any line bundle,
The following result lifts [PT2, Prop. 3.13] from Euler characteristics to K 0 (var/C); the proof is essentially the same.
Proof. Fix a degree one line bundle O(1) on C. Let J 0 (C) denote the moduli space of rank one, degree zero, torsion free sheaves [AK] . We map
The restriction of C [d] to each stratum is the projectivization of a vector bundle of rank h F (d). Thus we have the equality
Fix h = h F for some F . Evidently h is supported in [0, ∞), and by Riemann-Roch and Serre duality is equal to
This is a polynomial in q of degree at most 2g.
, and h ∨ = h G . By Serre duality and Riemann-Roch,
Summing over possible h, we learn that
From this the vanishing of the higher N i follows by trivial algebraic manipulations.
Remark 15. We always have N 0
Given the vanishing, only N g C contributes large powers of q; on the other hand when n 0 the map
Example 16. Let P 1 , A 1 , A 2 be rational curves that are smooth, have one node, and have one cusp respectively.
•
In each case Proposition 14 ensures the higher N i vanish.
Let C be the normalization of C. To avoid incorporating the global geometry of C into the invariants, we define N i C by the formula:
One sees by a straightforward stratification argument that the series on the left hand side only depends on formal neighborhoods of the singularities of C. Each such singularity may be found on a rational curve with no other singularities [Lau, Prop. 2.1.1] . Thus it follows from the previous result that
Remark. Theorem 1 realizes χ( N i C ) as the multiplicity of the stratum of curves of cogenus i inside the versal deformation of C, whence it follows that χ( N [Lau] these Jacobians are known to receive a bijective morphism from an affine Springer fiber for gl. It is known that such affine Springer fibers in other types are not necessarily in Z[L] [KL, Appendix] , however according to Lusztig the status of the gl affine Springer fibers is unknown. From the work of Piontkowski [Pio] it follows that that for unibranch singularities with a single Puiseux pair, and for unibranch singularities whose links are two-cablings of links of simple unibranch singularities, one has at least N δ C ∈ Z[L]. The stated positivity has been checked for unibranch singularities with a single Puiseux pair (e.g. x m = y n ) for m < 14 and n < 20 using the explicit formula for Z(C) given in [ORS, Thm. 5] .
From the fact that χ(
, and in particular that the n i C vanish for i > δ(C). This fact was used in [PT2] as evidence that the n i C were in fact the Gopakumar-Vafa invariants, and was exploited in [KST] to count curves on surfaces. Here we note the Hirzebruch χ −y genus has the same property, which suggests that it is a more sensible refinement than working in the ring of varieties.
Lemma 18. For C a smooth curve of genus g,
Proof. The Hodge structures of symmetric products are known explicitly [Mac] . 2.2. Curves with simple singularities. Here we express the refined BPS invariants of curves with simple singularities in terms the associated Dynkin diagram. In Figure 1 , we recall the ADE classification of simple singularities.
Lemma 21. We define A ∞ to be the germ at the origin of the curve cut out by y 2 = 0.
Similarly we define D ∞ by xy 2 = 0 and E ∞ by y 3 = 0. Then, for X = A, D, E, we have an equality X
∞ as subsets of (C 2 ) [i] for any i up to the delta invariant of X µ .
Proof. Any subscheme of length at most δ supported at the origin is annihilated by (x, y) δ .
In each case, the RHS of the equation of X µ already belongs to this ideal.
Proposition 22.
[A Figure 1 . The ADE singularities and associated colored diagrams. The subscript gives the total number of vertices of the diagram, and the Milnor number of the singularity. The number of filled vertices of valence one is the number of analytic local branches (except for A 1 ), and the total number of filled vertices is the delta invariant.
Proof. The cases A ∞ , E ∞ are special cases of [ORS, Prop. 6] . We treat D ∞ . An arbitrary element in C[x, y]/xy 2 takes the form c + λy + xf (x) + xyg(x) + y 2 h(y), where c, λ are constants. Fix an ideal I and consider I ∩ (y 2 ). This is generated by some y k . Now consider I ∩ (y). A general element has the form λy + xyg(x) + y 2 h(y). If λ = 0, then multiplying by y we find λy 2 ∈ I hence k = 2 and moreover we may take h(y) = 0.
Multiplying by (1 + xg(x)) −1 we may eliminate g(x) as well, and we have I ∩ (y) = y.
Such ideals (of finite colength) are of the form (y, x k ). Thus let us assume every element in I ∩ (y) is of the form xyg(x) + y 2 h(y). Multiplying by invertible elements, we may assume g, h are monomial. Note that if I is of finite colength, some elements with nonzero g(x) must appear. So choose an element x n+1 y +by k 2 with n minimal. We are constrained
where n 3 ≥ n 1 + 1, the constant c is arbitrary and g(x) should be chosen of degree less than n.
Theorem 23. Let X be a curve, smooth away from a simple singularity. Color the dots of the associated Dynkin diagram as in Figure 1 . Let n w,b be the number of ways to choose w white dots and b black ones such that no two dots are adjacent. Then
Proof. Z X is symmetric and determined by its terms of degree less than q 2 . By Lemma 21, these are determined by the series for X ∞ , which we have computed. Matching to the numbers n w,b is an exercise in combinatorics.
Example 24. For A 9 , the nonvanishing invariants are
The N i are not generally symmetric.
Example 25. For E 6 , the nonvanishing invariants are
Example 26. For E 8 , the nonvanishing invariants are
For the simple singularities, we have the following remarkable statement, which may be proven by comparing Theorem 23 to the description of the versal deformation of a simple singularity as the quotient of the hyperplane arrangement of the same name by the Weyl group [AGV] .
Theorem 27. Let X be a simple singularity. Then there exists some curve C containing as its unique singularity a real form of X, and a real disc D j in the real locus of the versal deformation of X such that
+ is the locus of real nodal curves with j total nodes of which i are hyperbolic.
This result was known to van Straten when j = δ(C); he had conjectured in this case that it holds for all singularities (see [vS] [Conj. 4.7]) on the evidence of its validity for the simple singularities and its validity at y = 1 for all singularities [FGvS] . Theorem 1 asserts the validity of the above statement at y = 1 for all singularities, so one might analogously conjecture that the statement of Theorem 27 holds always.
2.3. Real invariants. Now suppose C is defined over R. Let χ R denote the compactly supported topological Euler characteristic of the real locus. Note this is additive and multiplicative. By way of examples,
We have Z
, and so we define integers n i,R C by the following formula:
Lemma 28. For C a smooth real curve of genus g, Z
Proof. Let σ be the complex conjugation. We have a stratification
Anything coming from C(R) fibres over circles and never contributes to the Euler characteristic. Therefore
This establishes the Lemma.
For a point p on a curve C, write (C, p) for the germ at p, and (C, p) [n] for the locus in the Hilbert scheme of points on C of subschemes set-theoretically supported at p. For p ∈ C(R), we write rb(p) and cb(p) for respectively the number of real and complex points above p in the normalization of C.
We have by stratification
We now compute n δ,R C for a curve C with δ nodes and no other singularities. By the product formula above, it suffices to do this in three special cases.
Lemma 29. The only nonvanishing invariants of a curve c ± of arithmetic genus 1 with a single node analytically of the form R[[x, y]]/(x 2 ± y 2 ) are n 0,R = 1 and n 1,R = ±1.
(Caution: c − is the one with a node that looks like +.)
Lemma 30. The only nonvanishing invariants of a curve of arithmetic genus two with a pair of complex conjugate nodes are n 0,R = 1 and n 1,R = 0 and n 2,R = 1.
We conclude:
Proposition 31. For a nodal curve C with δ = δ + + δ − + 2δ 0 nodes, where δ ± are of the form R[[x, y]]/(x 2 ± y 2 ) and the 2δ 0 are complex conjugates,
Theorem 32. Let C be a real reduced plane curve, and let C → B be a versal deformation of its singularities. Let B δ,δ − + ⊂ B(R) be the locus of nodal curves with δ nodes of which
. Then according to [FGvS, Sh] , the first C 
n j,R dχ for any j ≤ i, and for any j at all if i ≥ δ.
We first show the vanishing of the n j,R for j > δ(C). Note we have already established it for smooth and nodal curves. We induct on δ(C). Take i = δ in Equality 3. By [DH, Tes] , the locus of curves of cogenus at least δ is of codimension δ and is the closure of the locus of δ-nodal curves. Thus by genericity its only intersection with D δ 0 is at the central point [C] , and its only intersection with D δ 1 is in finitely many nodal curves. Thus by induction and our explicit verification in the case of nodal curves, the integral on the right vanishes for i > δ, hence so does the integral on the left, which again by induction is equal to n i,R C . Now we consider the remaining n j . Take i = j in the above equality. Then by the same reasoning the only contribution to the integral on the left is n i,R C , and the only contribution to the integral on the right is the j-nodal curves. By our previous calculation, these contribute as required.
Remark 33. If C has a real line bundle of degree 1 then the proof of Proposition 14 carries through in K 0 (var/R); we may use this instead to conclude that n i,R C = 0 for i > g(C). However we have not found an analogous argument if C has no such bundle.
Remark 34. In [Sh] , the proof of Theorem 1 used as an input the vanishing of the n i C for i > δ; the argument given above shows this was unnecessary.
Remark 35. Thus a necessary condition for the statement of Theorem 27 to hold for a singularity X is the existence a curve C containing a real form of X with χ 1 (Z C ) = Z R C .
Corollary 36. Let C → B be a family of reduced real plane curves in which all curves have cogenus ≤ δ and there are finitely many curves of cogenus δ, all nodal. Then defining n
the number of δ-nodal curves counted with signs (−1)
Refined invariants of linear systems
Let π : C → B be a family of plane curves, and
schemes. Denote by MHM(B) the mixed Hodge modules [Sai] over B. We define:
We define invariants
Proposition 37. If π : C → B is a family of integral plane curves and moreover C [n] is smooth for all n, then N i C/B = 0 for i > g.
Proof.
In fact, according to [MY, MS] we know much more:
Here π is the restriction of the map to the locus on the base where it is smooth. We deduce the vanishing of the N i C/B from the symmetry
Remark 38. One may write the same definition in K 0 (var/B), but then we do not know whether N i vanishes for i > g. The problem arises already for families of smooth curves; the question here is whether a family of Jacobians is equivalent to its torsors in the Grothendieck group of varieties.
We may take pointwise Euler characteristic to define an integer valued constructible function
Since n i is supported on the locus of curves of cogenus i, certainly n k C/B vanishes if k is greater than the maximum cogenus of any curve in the family. Note that n k C/B can be defined directly by the formula
Equivalently we can apply
From Proposition 37, we see that N i C/B (y) vanishes for i greater than the maximum genus of any curve in a family whose relative Hilbert schemes are nonsingular. But for both the χ −y invariants of a single curve, and the χ invariants of families, we had vanishing beyond the maximum cogenus. Thus we may at least plausibly ask whether this holds for N i C/B . In fact it need not: Fantechi and Pandharipande observed that this vanishing can fail already for B a curve of positive genus and C → B a family of smooth curves. However, empirically, the situation appears to be better for linear systems of curves in surfaces. We have the following conjecture:
Conjecture 40. Let L be a line bundle on a surface S, C → |L| the tautological family of curves, and P δ ⊂ |L| be a linear subsystem. Assume the relative Hilbert schemes C
[n]
are nonsingular for all n ≥ 0. Then N i C/P δ (y) = 0 for i > δ. From the smoothness criterion in [FGvS] one may deduce that the maximum cogenus of any curve in any such P δ is δ. The assumption holds in the following situations:
Theorem 41. Let L be a line bundle on a surface S, C → |L| the tautological family of curves, and P δ ⊂ |L| a general linear subsystem. Then all relative Hilbert schemes C
are nonsingular in the following situations:
• S is arbitrary and L is δ-very ample [KST, FGvS, Sh] .
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• S is a K3 or abelian surface and L is irreducible [Muk] .
• S is a rational surface and P δ contains no non-reduced curves, and no curves with components which intersect K S non-negatively [KS] . In particular, for a general
Rather than simply integrate to get n i C/B = B n i dχ, we can extract more refined information by taking Chern-Schwarz-Macpherson classes c SM * . We recall that c SM * is the unique map from constructible functions to homology which commutes with pushforward and satisfies the normalization c
when X is smooth projective; its existence was conjectured by Deligne and Grothendieck and established by Macpherson [Mph] . Now taking
Of course we are also free to take this as the definition of the n Proof. The first equality was asserted in [Sh] in the case of a locally versal family, but in fact the same argument applies in the above generality. Let Σ be any stratum of a Whitney stratification for B i , other than the big open set
given by the intersection of B i + and the smooth locus of
. By the result of [Sh] on smoothness of relative Hilbert schemes (note k ≥ i),
What is actually observed in [KST] is the (obvious) fact that the first δ relative Hilbert schemes are nonsingular under this hypothesis, and the less obvious fact that the assumption implies that no non-reduced curves or curves of cogenus > δ occur in the P δ . Consequently the smoothness criteria in [FGvS, Sh] may be used to establish smoothness of the remaining relative Hilbert schemes.
As the n i are linear combinations of the χ i , they satisfy the same formula:
By induction on codimension of the strata this formula determines n i (σ) uniquely from its constant value 1 on the smooth locus of B i + . But according to Dubson-BrylinksiKashiwara [BDK] , the Euler obstruction satisfies (and is determined by) the same slice formula. 4 The identification of n i with the Chern-Mather class of B i + now follows from Macpherson's construction of the functorial Chern class.
Remark 43. The assumption on genericity of nodal curves in Theorem 42 holds for a locally versal family by [DH, Tes] , for the general P δ ⊂ |L| when L is δ-very-ample by [KST] , for the general P δ ⊂ |L| when L is irreducible on a general K3 surface (the genericity of nodal curves in maximal cogenus is [Che] ), and it was known classically for the general P ⊂ |O P 2 (d)| containing no nonreduced curves.
Remark 44. Aluffi [Alu] has shown that the multiplicity and and Euler obstruction of the discriminant of cubic curves on P 2 differ at a triple line. The argument above fails here because the total space of the restriction of the universal family to a one dimensional disc passing through this point is necessarily singular. Aluffi has also managed to extract enumerative information about curves with singularities more complicated than nodes from the Chern-Mather and Chern-Schwarz-Macpherson classes of discriminants; perhaps the same can be done with the higher Severi strata.
The map c SM * admits a refinement due to Brasselet, Schürmann, and Yokura. We denote it X [y] such that N i C/B (y) = 0 for i greater than the arithmetic genus of the curves (in a family of integral curves with nonsingular relative Hilbert schemes), and:
In the case of interest when B = P δ , we denote by abuse
(1) is, in good cases, the Chern-Mather class of the (codimension i) Severi variety of cogenus i curves, we might expect:
4 More generally for any equidimensional map f : X → Y between smooth varieties, f * C X = λ i Eu(∆ i (f )) where the λ i are some constants and the ∆ i are the following nonsmoothability loci:
The relation to the present situation is that the assumption and the smoothness criteria of [Sh] guarantee ∆ i = B i + . Now the coefficients λ i may be calculated at a smooth point of B i + .
Conjecture 45. Let L be a line bundle on a surface S, and let P δ ⊂ |L| be a linear subsystem of reduced curves over which the relative Hilbert schemes
is a polynomial of minimal degree i in H, and in particular vanishes for i > δ.
We will see shortly that this conjecture is in fact equivalent to Conjecture 40. First we recall how the Hirzebruch genera of the relative Hilbert schemes may be computed.
3.1. Genera of relative Hilbert schemes. Following Hirzebruch [Hi] , we take a (normalized) genus to mean a natural transformation of contravariant functors Φ :
where Λ is a commutative ring) such that
• For the trivial bundle C, we have Φ(C) = 1.
• Sums go to products:
• There is a power series
In the remainder of the paper we will be concerned only with the Hirzebruch genus
. In any case fix some Λ, Φ. We write φ(X) := Φ(T X).
Let S be a surface, L a line bundle on it, P δ ⊂ |L| some linear system, H = O P δ (1).
Let S [n] be the Hilbert scheme of n points on S, and let Z n (S) ⊂ S × S [n] be the universal family, with the projections q :
. Let π : C P δ → P δ be the universal curve over P δ and denote by π H; when C
[n] P δ is nonsingular this section is transverse.
As a book-keeping device, let e x denote a trivial line bundle with nontrivial C * action giving equivariant first Chern class x, i.e., Φ(e
Proposition 47. Assume C
In particular,
Remark 48. The formula makes sense without requiring smoothness, if we view it as a virtual contribution. The description of C
δ as zero locus of a section of L
H gives it a virtual fundamental class and a virtual tangent bundle (see e.g. [FG] ). Thus independent of the singularities of C 
S,L,Φ is a homomorphism from the cobordism group of surfaces with bundles to the multiplicative group of invertible power series in q with coefficients in Λ. In particular there exist universal power series
, so the first statement follows from the arguments in [EGL] . The second follows formally.
The multiplicativity of Proposition 49 allows D S,L,Φ n (x) (and therefore also φ(C [n] ) and the BPS invariants) to be computed by localization in the following standard way.
thus to compute the D S,L,Φ it is enough to compute them for the (S i , L i ).
In this case S = S i is a toric surface, i.e. it has an action by a torus (C * ) 2 with finitely many fixed points, and L = L i has an natural equivariant lifting. The action of (C * ) 2 on S induces in a natural way an action on S [n] , and the equivariant lifting of L induces an equivariant lifting of L [n] . Thus we can apply equivariant localization to compute D S,L,Φ n (x), in terms of the weights of the action on the fibres of T S [n] and L [n] at the fixed points. The fixed points are parametrized by tuples of Young diagrams and the weights of the action can be expressed explicitly in terms of this data. For more details in a slightly different situation see e.g. [EG, NY, CO] . From now on we specialize to Φ = X −y and abbreviate D
n (y, x)q n . In this case a computer calculation yields the D S,L n (y, x) for n ≤ 10 and modulo x 14 . The χ −y (C
[n] P δ ) are computed from this by Proposition 47. 3.2. A reformulation of the conjectures, and evidence. Let t i be the Chern roots of the tangent bundle of the Hilbert scheme, and let l i be the Chern roots of the bundle L [i] . In the previous subsection we introduced the series
For convenience we write Q = q/((1 − q)(1 − qy)).
6
By Proposition 47 we have
Conjecture 50. For any surface S and line bundle L, we have
Proposition 51. Conjectures 40, 45, and 50 are equivalent. 6 We record here that the compositional inverse is given by what are called the Narayana numbers,
which specializes to the following formulas involving Catalan numbers,
Note also that Q(q) ∈ qZ[q, qy] and q(Q) ∈ QZ[Q, Qy]. 
This obviously holds at δ = 0; let us prove it holds at δ by induction. If we know this statement holds for some δ = r − 1 and wish to check it for δ = r, since f (x) ∈ Q[[x]] we already know the statement modulo x r . So we need only check
But this is precisely the assertion of Conjecture 40 for P r . And since all the relative Hilbert schemes will also be smooth over a general P r ⊂ P δ for any r ≤ δ, the hypothesis of Conjecture 40 is satisfied and we may deduce Conjecture 45. Finally, Conjecture 45 asserts that Conjecture 50 holds modulo x δ+1 . We have an
where the Remark 52. The above argument implies in particular that Conjecture 50 holds in the Euler charateristic limit y = 1. From this it follows formally that for any P δ ⊂ |L|, with no assumptions on the reducedness or irreducibility of the curves that appear or on the smoothness of the relative Hilbert schemes, there are integers n i C/P δ such that
S,L can be expressed in four universal power series,
To avoid writing (Q/q) g−1 we adjust these series slightly.
for all S, L, hence the same is true for the D i .
Similarly, Conjecture 50 is equivalent to the assertion that
Proof. Let (A, L) be a primitively polarized abelian surface of Picard rank 1. If L 2 = 2k+2 then dim |L| = k and the curves in |L| have arithmetic genus k +2. Note such (A, L) exist for all k. By [Muk] the relative Hilbert schemes are smooth, and so from Proposition 37 we find that the N i vanish beyond the arithmetic genus. By this vanishing and the formula (7) extracting the
; since this evidently holds for f Φ (x) and we may take roots of power series starting with 1, it suffices to show this for ξ. So we have deg
The following argument is completely formal and does not involve the geometric meaning of ξ. We write
degree term can contribute such a high power of Q. There are two cases,
In the first case, consider Coeff x 2k 1 ξ(x, Q) 2k 1 +1 . There will be a contribution from products of two terms of the form Q k 1 +2 x k 1 , which gives the highest possible power of Q and thus cannot be canceled. But then deg Q Coeff x 2k 1 ξ(x, Q)
which is a contradiction. In the second case, consider Coeff x 3k 1 ξ(x, Q) 3k 1 +1 . In order that the degree 3k 1 + 3 contribution from products of three terms Q k 1 +1 x k 1 be cancelled, there must be some h + h = 3k 1 with d Q (h) = h + 2 and d Q (h ) > h . By minimality of k 1 , we have h > k 1 hence h < 2k 1 . Let
There is a contribution from products of terms the form
; since k 2 < 2k 1 this contribution cannot be cancelled. This is a contradiction. So finally we must have
hence the same holds for D 1 . Now let (K, L) be a primitively polarized K3 surface of Picard rank 1. If L 2 = 2g − 2 then dim |L| = g and the curves in |L| have genus g. Such (K, L) exist for all g. By vanishing of the N i beyond the arithmetic genus we have
, we may conclude the same for D 4 .
Corollary 55. Conjectures 40, 45, and 50 hold for surfaces with numerically trivial canonical class.
Remark 56. Note the slightly curious nature of the proof of the theorem and corollary: for geometric reasons, namely smoothness of the relative Hilbert schemes and the near equality of the genus and dimension of the linear system for certain line bundles on K3 and abelian surfaces, we know the conjecture for complete linear systems on K3 surfaces and something close for abelian surfaces. Then by leveraging the universality of the expressions, and the existence of K3 and abelian surfaces of all genera, we can conclude the result also for not-necessarily-complete linear systems. This sort of approach was suggested to the authors by Pandharipande [Pan] , who further suggested that the other power series may be similarly constrained by finding enough other surfaces with nontrivial canonical class but for which nonetheless the genus and dimension of linear systems are close. However to use these (or any) surfaces for the present purposes, one must establish smoothness of the relative Hilbert schemes, which we do not know how to do. Using the localization calculation described in Section 3.1, we can give evidence for Conjecture 50 for arbitrary surfaces.
Proposition 57. Conjecture 50 holds modulo q 11 and x 14 . Therefore, if 0 ≤ δ ≤ 13 and P δ ⊂ |L| is a linear system over which the relative Hilbert scheme is smooth, there exist
and furthermore these polynomials are explictly computed. If moreover g < 11 and all curves are irreducible, then the equality is established to all orders.
For example, Conjecture 40 holds for a general P 4 in |O P 2 (6)|.
The relation between the various n, n, N, N and the series D S,L has in this section always been contingent on the smoothness of the relative Hilbert schemes over the appropriate linear subsystem P δ ⊂ |L|. To avoid continually making this hypothesis, we introduce the following:
Definition 58. For a surface S and a line bundle L, we define N i δ, [S,L] by the formula
and similarly for the specializations n, n, N .
By comparison with Equation 7
, we see that for a linear system P δ ⊂ |L| containing only reduced curves, and whose relative Hilbert schemes are smooth,
The term of the deepest stratum
For a linear system P δ ⊂ |L|, the numbers n δ C/P δ have the clearest enumerative significance, counting the number of δ-nodal curves in the linear system. Thus we might also hope that the N 
Corollary 60. Assume Conjecture 50, or K S = 0. Then there exist series
In the unrefined (y = 1) setting, more explicit formulas were expressed after substituting for s a certain quasimodular form. Specifically, in [Göt, Conj. 2.4 ], the following expansion was proposed:
Here G 2 is the Eisenstein series, ∆ is the discriminant:
The series B 1 , B 2 ∈ 1 + qQ [[q] ] are not known explicitly, although their first several coefficients may be computed and are given in [Göt] . We also write D = q d dq
. The above formula is by now a theorem, since the existence of universal formulas has been established [Liu, Tze, KST] , and the case of K3 surface (where K S = 0 hence the B i do not appear) was solved explicitly [BL] .
Now we give a conjectural refinement of Equation 8. The series ∆, DG 2 are refined as follows:
These functions are related to certain Jacobi forms. Let q = e 2πiτ , y = e
2πiz
(1) ∆(y, q) = φ 10,1 (τ, z)/(y 1/2 − y −1/2 ) 2 . Here φ 10,1 (τ, z) = η(τ ) 18 θ(τ, z) 2 is up to normalization the unique Jacobi cusp form on Sl 2 (Z) of weight 10 and index 1.
Conjecture 62. There exist universal power series
Here, to make the change of variables, all functions are viewed as elements of Q[y,
This conjecture is again checked modulo q 11 ; and we get that (2) We can write
Here ∆(τ ) is the discriminant function and φ −2,1 = φ 10,1 /∆ is the up to normalization unique weak Jacobi cusp form of weight −2 and index 1 on Sl 2 (Z).
At y = 1, we recover modulo q 11 the functions B 1 (q), B 2 (q) of [Göt] .
As in [Göt, Rem. 2.6 ], the expansion in DG 2 may be exchanged for an expansion in q while simultaneously trading a sum over varying numbers of point conditions while fixing the line bundle for a sum over line bundles while fixing the point conditions. Note the latter form is more natural from the point of view of the GW/DT/pairs theories, and indeed this is the form in which the K3 is solved in [BL] .
In detail this procedure is as follows. For any power series
we may expand f in terms of g by the residue formula:
Conjecture 62 asserts that N δ δ, [S,L] is the coefficient of DG δ 2 of a certain expression; taking this coefficient by the above residue formula gives the equivalent formulation:
We would now like to collect coefficients of q to write the entire series in the (·) in terms of the N . So we must choose some values of δ, [S, L] such that K ] , where the RHS is viewed just as a function of two integers and is determined by evaluating the LHS on the cobordism class [S, L] with the specified invariants. In terms of the M , we have:
S). Making this dependence explicit we write
We can also express this in a slightly different way, fixing LK S , k and varying δ: write
When S is a K3 surface, the RHS simplifies dramatically. Moreover, on the LHS we may actually choose each term K3 surfaces S g of genus g, with irreducible line bundles L g giving the polarization. That is, [Sg,Lg] . The relative Hilbert schemes over the general P δ ⊂ |L g | are all smooth [Muk] , so the N δ δ, [Sg,Lg] are equal to the geometric N δ C/P δ . Summarizing the preceding discussion, Conjecture 63. For any k,
Proposition 64. Assume Conjecture 50. Then Conjectures 62 and 63 are equivalent.
Proof. According to Proposition 60, from Conjecture 50 we can deduce that the N have a multiplicative generating series. The two of its components which are made explicit in Conjecture 62 are determined by the case when S is a K3 surface, and we have seen that the posited explicit formula is equivalent to that given in Conjecture 63.
Proposition 65. Conjecture 63 is true at k = 0.
Proof. The relative Hilbert schemes over the general P δ ⊂ |L g | are smooth, so the quantity Lg] is the χ −y genus of the relative compactified Jacobian of the tautological family of curves C/|L g |. In fact, Kawai and Yoshioka compute the Hodge polynomial of this space [KY] . Alternatively, as in [Bea] one may note that the relative compactified Jacobian over |L g | is birational to the Hilbert scheme of points S [g] g ; since both are hyperKähler they are deformation equivalent by [Hu] , and the Hodge polynomial of the Hilbert scheme of points was computed in [GS] . In either case the result is given by the RHS.
We do not know how to compute the χ −y genera of relative Hilbert schemes over linear subsystems for K3 surfaces. In fact, while the Euler numbers of these spaces are known, the only known calculation of them (due to Maulik, Pandharipande, and Thomas) is extremely indirect, and involves at least two uses of the Gromov-Witten/Pairs correspondence [MPT] . Rather remarkably, the same series which we have conjectured describes the N δ δ is found in [MPT] to encode all the Euler numbers of relative Hilbert schemes over linear subsystems.
) be a K3 surface of genus g, and assume L g is irreducible. Let H be the hyperplane class on |L g |. Then for any k,
Comparing powers of q, we see that given [MPT] , Conjecture 63 is equivalent to the following statement:
Remark 68. The statement of Theorem 66 in [MPT] differs slightly; there are some signs owing to the use of Ω rather than T , and it is formulated in terms of the space of "stable pairs" rather than the relative Hilbert scheme. But since L g is irreducible, these are the same space as per [PT2, Appendix B] . In the language of [MPT] , Conjecture 67 may be viewed as asserting that the N encode certain descendent integrals in the stable pairs theory, or equivalently in the Gromov-Witten theory.
We may instead specialize to abelian surfaces. Let (A, L g ) denote a primitively polarized abelian surface with L 2 g = 2g − 2 and hence χ(L) = g − 1 and g(L) = g; assume L is irreducible. Note such surfaces exist for all g ≥ 1. Equation 10 specializes to
The above formula is not equivalent to Conjecture 62, since χ(O A ) = 0. Moreover we do not know how to establish it, even at k = 0. However: Proposition 69. Assume Conjecture 50 or K S = 0. Conjecture 62 is equivalent to the following two formulas:
Proof. It is enough to show that the given invariants of the complete linear system suffice to determine the series A 1 , A 4 and then apply the residue trick explained above.
2g−2 . Beginning at g = 2 this allows to iteratively determine the coefficients of
we now know A 1 this determines A 4 .
As we have established Equation 12
, it remains only to compute the invariants for complete linear systems on abelian surfaces.
8 In the future we hope to do so by the methods of [KY] .
8 Similarly a computation of the Euler characteristics of all relative Hilbert schemes for complete linear systems on (K3 and) abelian surfaces would yield the formula [MPT, Thm. 6] for linear subsystems for irreducible line bundles on K3 surfaces; this would provide an entirely sheaf theoretic proof.
Refined Severi degrees
The Severi degrees n d,δ are the numbers of δ-nodal reduced degree d curves in P 2 though d+2 2 − 1 − δ general points. The famous Caporaso-Harris formula [CH] gives a recursive method of computing the Severi degrees. The recursion involves the relative Severi degrees n d,δ (α, β) which count delta-nodal curves with tangency conditions along a fixed line in P 2 . More generally, for a line bundle L on a surface S, one can define the Severi degree n L,δ as the number of δ-nodal reduced curves in |L| though dim |L| − δ general points, provided this number is finite. We begin by a review of the Caporaso-Harris recursion formula; we will use the more general formulation of Vakil [Vak] , which also applies to rational ruled surfaces. By a sequence we mean a collection α = (α 1 , α 2 , . . .) of nonnegative integers, almost all of which are zero. We write d for the sequence (d, 0, 0, . . .) and e k for the sequence whose k-th element is 1 and all other ones 0. For two sequences α, β we define |α|
. We write α ≤ β to mean α i ≤ β i for all i.
Throughout this section we take S to be P 2 or a rational ruled surface. In case S = P 2 , let E be a line in P 2 , in case S is a rational ruled surface Σ e = P(O P 1 ⊕ O P 1 (−e)), let E be the class of the section with E 2 = −e. We denote H the hyperplane class on P 2 , F the class of a fibre on Σ e .
Recursion 70. [CH, Vak] Let L be a line bundle on S and let α, β be sequences with Iα + Iβ = EL, and let δ ≥ 0 be an integer. Let γ(L, β, δ) = dim |L| − EL + |β| − δ.
The relative Severi degrees n L,δ (α, β) are recursively given as follows:
Here the second sum runs through all α , β , δ satisfying the condition
Initial conditions: if γ(L, β, δ) = 0 we have n L,δ (α, β) = 0 unless we are in one of the following cases
(1) In case S = P 2 we put n H,0 (1, 0) = 1, (2) In case S = Σ e , let F be the class of a fibre of the ruling; we put n kF,0 (k, 0) = 1.
We put n L,δ := n L,δ (0, LE). In case S = P 2 , we write n d,δ (α, β) := n dH,δ (α, β), and
5.1. Refined Severi degrees. We formally introduce a refinement of this recursion.
Recursion 71. With the same notations, assumptions, limits of summation, and initial values as for the relative Severi degrees in Recursion 70, we define the refined relative Severi degrees N L,δ (α, β)(y) for γ(L, β, δ) > 0 by:
We abbreviate N L,δ := N L,δ (0, LE), and, in case
As with the refined invariants, we define normalized refined relative Severi degrees which are Laurent polynomials in y 1/2 , symmetric under y → 1/y.
Proposition 73. The N L,δ (α, β)(y) are determined by the same initial conditions as the
with the same conditions on α , β , δ as above. In particular N L,δ (α, β)(y) is symmetric under y → 1/y.
Proof. It is enough to prove that every summand on the right hand side of (16) is obtained from the corresponding summand of (17) by multiplying by y δ+(Iβ−|β|)/2 . Each summand in the first sum is multiplied by y m with
Each summand in the second sum is multiplied by y m with
where we use
It is clear that the recursions for the refined Severi degrees specialize at y = 1 to the recursion for the usual Severi degrees. Thus,
According to [KS] , if the general P δ ⊂ |L| contains no non-reduced curves and no curves containing components with negative self intersection, the Severi degrees are computed by the universal formulas: n L,δ = n δ δ, [S,L] . We expect the same for refined Severi degrees.
Conjecture 75. Let S be P 2 or a rational ruled surface, let L be a line bundle, and assume P δ ⊂ |L| contains no non-reduced curves and no curves containing components with negative self intersection. Then the refined Severi degrees are computed by the universal formulas: [S,L] . Explicitly, (1) of Conjecture 75, the refined Severi degrees suffice to determine all the power series in Corollary 60 or equivalently in Conjecture 62. Note that Recursion 71 is much more computationally tractable than equivariant localization. Thus under the above assumption, we have verified Conjecture 62 modulo q 29 and determined B 1 (y, q) and B 2 (y, q) modulo q 29 .
Irreducible refined Severi degrees.
Denote by n L,δ 0 the irreducible Severi degrees, i.e. informally the number of irreducible δ-nodal curves in |L| = |E| passing though dim |L| − δ general points. In [Get] Getzler observes in the case S = P 2 that the n d,δ 0 can be expressed in terms of the Severi degrees n d,δ by the relation
The generalization of this to n L,δ 0 is in [Vak] . The same formula can be used to define the irreducible normalized refined Severi degrees N
and the irreducible refined Severi degrees by N L,δ 
5.3.
The refined invariants at y = 0. Now we compute the specialization of the refined Severi degrees at y = 0.
Notation 77. For a sequence β we write
Proof. It is easy to see that the statement holds for the initial values. Setting y = 0 in the recursion formula (16) gives the two recursion formulas
The first formula gives
The second formula shows in particular that N L,δ (α, 0)(0) is independent of α, thus
by induction over a. By induction the second equation of (18) becomes
Thus we need to show the identity
Note that by the the multinomial formula we have
Thus the right hand side of (20) becomes
Using the tropical interpretation of the N L,δ (α, β) of [BG] using refined multiplicities (see also Section 6), this result has been generalized in [IM] to arbitrary toric surfaces. For M a line bundle on S, let (n) and g : S n → S (n) are the natural morphisms, and pr i : S n → S is the i th projection.
It is well-known that
Lemma 79.
n,k≥0
Proof. This is a corollary to [Sca, Thm. 5.2 .1], which implies for line bundles
. We apply this with M = K S . Thus we have by applying Serre duality on S
[n] and on S:
which is equivalent to the statement of the Lemma.
Proof. Let C δ be the universal curve over the sublinear system P δ ⊂ |L|. By Proposition 47, we have
dx.
Note that by definition
We put T = e −x and apply Lemma 79 to obtain
5.4. Conjectural generalization to higher powers of y. Proposition 80 and Proposition 78 can be subsummed in the following statements:
(1) For any line bundle L on a surface S we have
(2) If L is an effective divisor on P 2 or a rational ruled surface S, then
We want to give a conjectural extension of these two statements to higher powers of y.
We start with the analogue of (1) Conjecture 81. Let L be a line bundle on a surface S. Then we have for all i ≥ 0
Here P i L (q) is a polynomial in q of degree at most 3i. In particular if χ(L ∨ ) ≥ 3i then
Assuming Conjecture 50 we get by Remark 60
Conjecture 82. For i = 1, . . . , 4 we have
Proposition 83. Assuming Conjecture 82, Conjecture 81 holds. Furthermore
Proof. By definition
As by Conjecture 82 all
, we see that the coefficient of y i is a polynomial of degree at most 3i in t.
Conjecture 82 has been verified modulo q 11 . Assuming Conjecture 75 it has been verified modulo q 29 . We list the power series C 1 , C 2 , C 3 , C 4 modulo y 4 . Now we formulate the conjectural analogue of (2). For simplicity we only deal with the case of P 2 and P 1 × P 1 .
Conjecture 84.
(1) Let S = P 2 and assume d ≥ i + 2, then
(2) Let S = P 1 × P 1 and assume n, m ≥ i + 1, then
For d ≤ 14, and for n, m ≤ 8 this conjecture has been checked modulo q 11 and, assuming Conjecture 75, modulo q 29 .
6. Refined, real, and tropical
Mikhalkin [Mik] has shown that the Severi degrees of projective toric surfaces can also be computed using tropical geometry: the Severi degrees n L,δ count -with multiplicities -simple tropical curves through dim |L| − δ points in R 2 in tropical general position.
Roughly speaking a simple tropical curve C is a trivalent graph Γ immersed in R 2 together with some extra data. From this data, one assigns to each vertex v of Γ a multiplicity m(v) ∈ Z ≥0 and defines the complex multiplicity m(C) as the product of the m(v) over the vertices of Γ. In [GM] a proof of the Caporaso-Harris recursion formula is given via tropical geometry. The analogues of the Gromov-Witten invariants in real algebraic geometry are the Welschinger invariants [Wel] . These were originally defined to count real pseudoholomorphic curves in real symplectic manifolds. We restrict attention to the case that S is a smooth projective toric surface. As toric varieties are defined over Z, they certainly carry a real structure, and we write σ for the associated anti-holomorphic involution. A real curve in S is an algebraic curve C ⊂ S with C = σ(C), and the real locus of C is C σ . Fix a generic set Σ of dim |L| − δ general real 9 points on S. The real enumerative
, where C runs through the possibly reducible real curves C ∈ |L| of geometric genus g(L) − δ, passing through all the points of Σ, and s(C) is the number of isolated real nodes of C, i.e. the points where C analytically locally has the equation x 2 + y 2 . We denoted by W L,δ 0 (Σ) the corresponding sum for irreducible curves. If S is an unnodal (i.e. it contains no rational curve with self intersection −n, with n ≥ 2) del Pezzo surface then the real enumerative invariants coincide with the Welschinger invariants. In [Wel] it was proven that W L,g(L) 0 (Σ), i.e. the count of curves 9 We are here only considering the so-called totally real Welschinger invariants. More generally one could consider for any 0 ≤ l ≤ (dim |L| − δ)/2 the numbers W L,δ,l (Σ) which count real curves passing through dim |L| − δ − 2l real points and l pairs of complex conjugate points.
of geometric genus 0, is independent of the generic Σ. We will denote it just by W
0 (Σ) will depend on Σ via a system of walls and chambers. In a sense, we have already seen these invariants. For a family of real curves C/B, let n i,R C/B be defined by the same formula as the n i,R C introduced for individual curves in Section 2. Then we have:
Proposition 85. Let L be a real line bundle on S, and let P δ ⊂ |L| be a linear subsystem determined by the real point conditions Σ. Assume that all curves in P δ are reduced, that no curves have cogenus greater than δ, and that all curves of cogenus δ are nodal. Then
The real enumerative invariants of toric surfaces can also be computed via tropical geometry [Mik, Thm. 6 
The irreducible Welschinger invariants W L,δ 0,trop are defined by summing over only irreducible curves. It is proven in [IKS] that this is independent of the points as long as they are in tropical general position. Finally [Mik] shows that there exists a set Σ of dim |L| − δ real points of S, so that
trop , and W L,δ 0 (Σ) = W L,δ 0,trop . If S is P 2 or a rational ruled surface, there is a recursion for the tropical Welschinger invariants [IKS] . We write it in a modified form which makes the close relation to the recursion for the Severi degrees more evident. 
Here the second sum runs through all odd sequences α , β and all δ satisfying (15).
10 Also the multiplicity assigned in [IKS] differs from those given above which we have taken from [Mik] , but it can be shown they are equivalent. Using the refined multiplicity, in [BG] the N L,δ trop (Σ) are studied using methods similar to those employed in [Blo] for the nonrefined Severi degrees. In particular it is shown that, for L sufficiently ample with respect to δ, they are given by refined node polynomials, and the Conjecture says that these agree with the N This conjecture has been checked modulo q 15 and the coefficients of B 1 (−1, q), B 2 (−1, q)
have been determined modulo q 15 . (These computations are numerically easier than those involving the indeterminate y, thus we get to a higher order in q). The values of the series B i are computed to be: When S = P 2 or a rational ruled surface, the Severi degrees n δ,L agree with the universal numbers n δ δ, [S,L] somewhat beyond the regime where L is δ very ample. Specifically, it is conjectured in [Göt] and proven in [KS] that it suffices for the general P δ ⊂ |L| to contain no nonreduced curves, and no curves containing components with negative self intersection. We expect the same to hold for the comparison between refined Severi degrees N δ,L and the universal numbers N δ δ, [S,L] , and a fortiori for the specialization at −1. However for this specialization more seems to be true:
Conjecture 92. Assume S = P 2 or S = Σ e , and the following subloci of |L| have codimension more than δ: (1) the nonreduced curves with a component of multiplicity at least 3, (2) curves containing a component with negative self intersection. Then W L,δ trop = N δ δ, [S,L] (−1). Explicitly the condition amounts to:
(1) On P 2 we have W Using the recursion formula (21) this conjecture has been checked for d, δ ≤ 14. Assuming (1) of Conjecture 92, and using the recursion formula (21) the conjecture 91 has been checked modulo q 67 and B 1 (−1, q) and B 2 (−1, q) have been determined modulo q 67 . Note that the recursion for W More generally one may consider the question:
Question 94. Let X be a smooth real variety. When is χ 1 (X) = χ c (X(R))?
This has been the subject of some classical study, one general result being that for a "M-variety", i.e. one for which the total dimension of the Z/2Z cohomology is equal for the real and complex locus, the equality holds modulo 16 [DK] .
Evidently the equality holds for any variety whose class in the Grothendieck ring of varieties over R lies inside Z[A 1 R ]. In particular, RP n , toric surfaces, and Hilbert schemes of points on toric surfaces qualify. The relative Hilbert schemes are cut out of a product of these by a section of a vector bundle, and the signature behaves predictably under taking such sections. Thus, to study Conjecture 93 it would also suffice to give criteria for the Euler characteristic of the real locus to exhibit the same behavior. In [BB] it is shown this holds in a tropical sense for complete intersections in toric varieties.
Remark 95. The conjectured relation between the refined invariants at y = −1 and the Welschinger invariants is in a sense a global analogue of a conjecture of van Straten [vS, Conj. 4.6, 4.7] (see also Theorems 27 and 32 above and the nearby discussion).
